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R We will focus on the following initial value problem: Find the
function y(x) that satisfies

dy _
dx
y(a) =«

f(x,y), a<x<b

(1)
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Remark: If we know how to deal with first order differential
equations, then we can also attempt to solve nth order
differential equations. Because it is possible to write nth order
differential equations into a set of n first order differential
equations.



Uniqueness of the solution:

Numerical We know that under some restrictions on the given function f,

solution of

iffe i . ' . . .
erenaal Picard’'s Theorem guarantee existence of unique local solution.

equations

e But we are interested in uniqueness of the global solution ( the

Techniques

and solution where the differential equation is defined ) Let us

programming

o PUARTTAE recall the following theorem:

Theorem

mlet D:={(x,y)]a<x<b, —o00<y<o0}
m f is continuous on D.

m f is Lipschitz continuous in 'y on D.
OR

of . .
— s continuous on D.

dy
= (1) has a unique solution for a < x < b.
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Recall: f(x,y) is said to be Lipschitz continuous in y on a set
D C R? if 3L > 0 such that

£, 71) = F(x,y2)| < Ly — ye
whenever (x, y1), (x, y2) € D.

Ex. f(x,y) =lyl, D:={(x,y)| x| <1, |y| <1}, fis Lipschitz
continuous on D with L = 1.

Ex f(x,y) =y, D:={(x,y)lIx| <1, |y| <1}, f is NOT
Lipschitz continuous on D.

Taking y1 = 0 and y» as arbitrary, then
|f(X7y1) — f(X7y2)| _ \/ﬁ 1

= = — 00
ly1 — o noom

as y1 — 0.
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comparison to —:

dy

of
dy
does not exist at (0,0). However, |y| is Lip. continuous with
Lip. constant L =1 (can you see this?)

Consider £(x.y) = Iyl, D := {(x,y)| x| <1, [y <1},
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Techni i i
echniques m (1) has a unique solution,

and

ELEGE m solution depends on the given data, i.e., f and a.
m Remark: Under the conditions of Theorem 1, (1) is
well-posed.

m Remark: It would be difficult to find an analytic/exact
solution of (1) in a closed form. Therefore, we look for
suitable numerical scheme which provide an approximate
solution.

m |dea: Discretize the domain (interval) and the given
equation.
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pmg;"rfming m y; = y(x;): exact solution at point x;.
in MATLAB m w; = w(x;): numerical solution at point x;.
We write w; = y; = y(x;).
m Error:

How well numerical scheme approximates (1)7?
How well solution of numerical scheme (w;) approximates

the solution of (1)

max |y; — w;| =?
1<i<N



Some numerical schemes/methods

Numerical . . .
solution of m Recall: Our differential equation
differential
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Numerical d}/

Techniques - = f(X,_y), a S X S b
and dX

programming

in MATLAB y(a) =«

, ()

Discretize the interval as x; = xp + ih,xp = a. Integrate (2)
from xp to x.

/Zidx = /f(t,y(t))dt
Sy() = a+ / .y (1))t 3)

m Remark: (2) and (3) are equivalent.
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et m Basic idea: Using yg, we find y;, then y», .. and so on.
Techniques m First approach: Approximate the integral involved in (3)

Programming (but we don't know y(x)).
m Second approach: Approximate the derivatives involved in

(2).

f(x) = ©32 [f(a) + F(b)].

f(x) = 52 [f(a) + 4F(252) + £(b)].
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Numerical X1
Techniques m Method |- [ £(¢,y(t))dt = hf(xo,y(x0)) = hf(x0, Yo0)
B MATLAB. Xoxl
m Method II: f f(t,y(t))dt = g [f(x0, Y0) + f(x1,y1)]
X0
m Method IlI:
X1 b
[ flevt0)de = £ [FG0,0) + 4 a/2.302) + )]
X0
where x; p = X0 —;Xl and yy 2 = Yo —;-}/1_
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and wo = « in the following manner:

W MATLAB m Method | wy = wy + hf(xo, wo)
m Method 11 wy = wo + & [f(x0, wo) + f(x1,21)] (Use
method | to compute wy),i.e., z1 = wy + hf(xo, wp)
m Method Ill:
h

w1 = 6 [f(XOa wo) +4f(><1/2, W1/2) + f(w, Wl)] )

. Problem is we must have wy ;.



Euler's Method
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Numerical

Techniques m Scheme 10 wip; = w; + hf(x;, w;), i =0,1,2,.. (Euler's

and

programming
in MATLAB methOd)

m Scheme 20 wiy; = w; + g [f(xis w;) + F(xip1, wir1)] (
Modified Euler's method).

Here, w; 1 is unknown.

|dea: Use Euler's method to compute w;jy1. Write
h
Wil = wi + 5 [f (xi, wi) + f(Xig1, Ziv1)]

where zj 1 = w; + hf (x;, w;).
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in MATLAB

1
Wiy1 = w; + 5 [m1 +2my +2m3 + my] ,

where
[ mlzhf(x,,w,)
] mzzhf(x + )
m m3 = hf(x; + )
n m4:hf(x,+h W,+m3)

This method is called Runge-Kutta method. One of the best
method for solving differential equations.
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in MATLAB 3h 2h .
Wist = wi + | F O, wi) + - F (i + 5 W)

where

2
W = w; + —f(x;, w;)

3
This is called optimal RK-2.
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ERVRY
f(x) = flxo)+(x—x0)f(x0) + (X2lxo)f”(xo) +..
_ n
o) nf") F(x0) + E
_ n+1
E= wf”“(é), for some £ lying between xg and x.

(n+1)!
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Problem: We do not know &, hence it would be difficult to
compute error with this formula. However, this can be used in
order to find the upper bound of the error, i,e., we have a
number in hand such that error should not exceed by this
number.
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and

programming derivative of order n+ 1 on the interval (a, b): Then
in MATLAB
2
X — Xj
y0) = vl + (=)o) + E )
EVAY)
My"(x,-) + Error (4)
n!
(x — X,-)”+1

Error = y™t1(€), for some ¢ lying between x; and

(n+1)!
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i MATLAB yirr = yi+hy'(x;)+ EY”(Xi) +ot HY"(XI)
hn+1 1
n
—_— 5
e ©)

for some £ lying between x; and xj;1.

|dea: Since h is small h* — 0, k > 0, we truncate this series
after some terms. This would leads to different scheme. we
expect that having more number of terms would provide more
accurate solution. Let us try !



Numerical m Vethod 1. Take n = 11

solution of
differential 2
equations

h
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programming

h

in MATLAB = yi+ hf(Xi7YI) + jy”(f)'

Therefore, the scheme is wjy1 = w; + hf(x;, w;). Same is

Euler Method. ( did you get it?).
m Method 2. Take n = 2,

. — vt h(x E " E "
yier = Yit+hy (xi) + 5yt () + 57y (E)
2 3

o ) . ] h d h "

. 2
Scheme is w11 = w; + hf (x;, w;) + %d%f(x;, w;).

We have used y/ == % = f(x,y)
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Wiyl = W,-—l—hf(x,-,w,-)—i-gaf(x,-,w,) 3 e —— (X, w;).
m Vethod 4. For n = 4, scheme is
2 d h3 d2
WI'+1 - Wi_’_hf(xiawi)_’_aaf(xiawl) 3| d 2f(XI7WI)
h* 3

+wa(x,', W,').
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Example

ﬂ = y—x2—|—1,0§X§2
dx
y(0) = 05, h=02
find y(0.6).
Soln: We have x; = 0.2, xp = 0.4, x3 = 0.6. Euler’'s scheme:

Wit1 = W + hf(X,', W,').

We want to find ws. For
i =0, w =wo+ hf(xo,wp) =0.5+0.2(05 —0+1) =08
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in MATLAB

w3 = Wy + hf(Xg, W2) = 1.55.

Euler's modified method:

h
w = wot o [f(x0, wo) + f(x1, 21)]
z1 = Wo-+ hf(Xo, Wo) = 0.5,
h
wp = 0.55 [(Wg — >3 + 1)+ (22 — 5§ +1)]

Similarly, we can find wy and ws.
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f(x,y)
df
dx

o f
dx?

Wit1 = W; + hf(X,'7 W,)

2

h? d
e —f(xj, w;)

y—x>+1
dy
dx
(y —x®+1)—2x+1

—2x+1="f(x,y)—2x+1

f(x,y)—2x—2:(y—X2+1)—2X—2
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2

h
wy = wo + hf(xo, wo) + a[(WO + X3 +1) —2x0 + 1]

wi; = 0.83, wp = 1.21, w3 = 1.65. For n = 4,
wi; = 0.82, wp = 1.21, w3 = 1.64.
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m Major disadvantages of Taylor's Series method of higher
order is the evaluation of the derivatives.

m Question: What are the advantages?

m Answer: We will see in moment.
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1— W

One step method: Wit - = ¢(f, x;, w;, h)

Euler's method: w = f(xi,yi) + gf’(&y(é)),

Ti = hf,(g,y(f))
Ti = hyﬂ(@

Taylor's series 7; = O(h").
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Stability: Let w; be the solution of

Then |w; — w;| < K(x;)|& — a.

Order of convergence: If 77 is O(hP). Then the scheme has p
order of convergence.
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m We look for high order of convergence.

m Note that we can increase order of convergence of the
Taylor series method by adding more numbers of terms in
the Taylor series.

m This can be think of an advantage of Taylor series method.
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Convergence < Consistency + Stability.
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Xj+1
dy
dx
Xj
Yiv1 — Vi

m We have seen, to compute wj;1, we use only w;. In
particular, to find w; we need only wy.

m If we need wj_o, wj_1, w; to compute wj;1, then this
method is called multistep method. Here 3-step method.
Derivation of multi-step method: &£ = f(x, y).
Integrate this equation from x; to xj;1

Xi+1

/ F(x, ¥ (x)) dx (6)

Xi

Xi+1

/ f(x, y(x))dx. (7)

Xi
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f(x,y(x)) = P1
Write P; by using x; and xj_1.

~x 3

X f 5h
(xi, i) + ————f(xi—1, yi—1) + =—=y"(&)

X = Xie1 ¢
Xj — Xj—1 Xi—1 — X; 12

P =
Xit+1

3h —h
/ Pidx = 7f(x,-,y,-) + (T)f(xi—lv)/i—l)

Xi
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O ATLAR Wis1 = wi + — f(xi, wi) = S f(xi-1, wi-1)

in MATLAB 2
7 = O(h?)

Scheme:

Two step Adams-Bashforth method:

3h h
Wo = wiy + 7f(X1, wi) — Ef(XOa wo)

To compute wi, one can use any method for which 7; = O(h?).
(Second order Taylor's series method)
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It is very hard to say which method is the best, it depends
AU what you want? Best method for us would

m Esay to implement
m High order convergence.

There is no RAMA’s ARROW which can solve any differential
equations

Thank you for your attention!



