B.Tech Semester - |1 BAS 203/(OLD)KAS 203T
Tutorial Sheet
Engineering Mathematics-11
Unit-1 (Matrices)
Prepared by Prof. Raj Kumar
Section A (Rank)

1. Each entry of a matrix is unity. Show that its rank is one.
2. If Ais a non-zero column vector (n X 1) then rank of AAT is (A)2, (B)n, (C)0, (d*)1 .
3. If p(A3x3)=2 and p(B3«3)=3 then p(AB)=(a) 5, (b)3,(c*)2 ,(d) 1
4. If Agy- has all entries —1 then rank of A is (a) 7; (b*) 1; (¢) 5; (d) 0.
K -1 0
5. If rankof | 0 K —1] is2,then K is (a) Arbitrary (b*) 1, (c) 2, (d)3.
-1 0 K
1 5 4 1 1 1
6. IfA= |0 3 2| B=|2 2 2], Find p(A), p(B), p(A+ B), p(AB) and p(BA).
2 3 10 3 3 3
Ans: p(A) =2, p(B) =1, p(AB) = 1and, p(BA) = 1 Hint: p (Product) < p(Either)
1 1 -1 0
. . . 4 4 -3 1
7. Determine the value of b if the rank of A is 3, where 4 = b 2 2 9
9 9 p 3

{Hint: After using Row transformations
R4 d R3 1 1 -1 0
~ 0 0 1 1 . _ _ _
R,—3R,| 0 0 b+6 0 Cases: (1) If b=2, Then |A] =0, p (A) = 3.
b—2 0 0 -2
(2) If b = —6 Then, number of non-zero rows is 3. Therefore p (4) = 3.

1 2 -1 4
. 2 4 3 4 . . .
8. Reducing A= 1 2 3 4 to its Normal form, find the rank of the matrix? Ans: 3.
-1 -2 6 -7
1 0 0 1 2 3 1 1 2
9. Findrank of () [3 1 0| Ans:3. (i) A=|, ] 2] Ans:2 (ii)B={1 2 3| Ans:2
0 5 2 0o -1 -1
4 2 3 1 1 -1 1
(iv) A=[8 4 6 Ans: p(A)=1 (VyA=]1 -1 2 —1| Ans:2
-2 -1 =3/2 3 1 0 1
3 -2 0 -1 -7 1 2 1 2
.10 2 2 1 -5 _ |1 3 2 2
(vi) 1 —2 —3 _o 1 Ans: p = 4. (vii) 5 4 3 4 Ans.3
0 1 2 1 —6 3 7 4 6
AU AR
(viii) |—6 42 24 54| Ans.2 (ix) Ans. 3
21 -21 0 15 L -103
1 -2 1 2

Section B (Symmetric, Skew-symmetric, Orthogonal, Hermitian and Skew Hermitian
Matrices)
1. Define symmetric, skew-symmetric, and orthogonal matrices with one example.

2. Let A be a square matrix over C. Show that A+A®, AA®, and A®A are Hermitian matrices and A-A® a skew-
Hermitian matrix.



wo =

1 2 3
1 3 4
1 4 3
4. If A and B are square matrices of the same order, which of the following is true

(a)(A + B)? = A2 + 24B + B%,(b)(A + B)(A — B) = A®> — B?,
(6)(A—B)(A+B) =A>-B*(d*)(A+B)(A—-B)+ (A—B)(A+B) =2A*—2B?
5. Show that for any square matrix A with real number entries, A + A’ is a symmetric matrix and A— A’ is

3. IfA= then |AdjA| is (a) -4, (b*)4, (c)-2 ,(d) 2

a skew-symmetric matrix.
6. If A be a square matrix such that A,A?, A3are non-zero matrices but A* is a zero matrix.Then (I — A)~!
is (a) A+ A% + A3(b)[+A+ A? (c) [+A% + A3, (D*) [+A+ A% + A3
cosa sina cosna sinna

7. If A=| 7 ], show that A" = i ], where n€Z*
—sina cosa —sinna cosna
113 1210 o
8. Prove (i) | 5 2 6 | is a nilpotent matrix of index 3; (ii). 1 -2 1 o0 is an involutory
-2 -1 -3 1 -3 3 -1
- cosa sina], oy L1 1+1] . : .
matrix (iii) [_ sing  cos a] is an orthogonal matrix.; (iv) N [1 i 1 is a unitary matrix.

9. Express { 32 32 _11] as the sum of a symmetric and a skew-symmetric matrix.

-4 -5 2
1 i 3i
. 3 - 0 2-i
115 ! ! 3 2+i -1 : - -
10.check A= Lo B - 0 2-i and C= for symmetric matrix, Hermitian.
5 1 3 =3i 2+i -1
11. If kis complex number and A be a Hermitian matrix. Will kA be Hermitian?
i 1+i 2-3i
12.1f matrix A= 4P 20 1 then prove that the conjugate of A is skew Hermitian
—2-3i -1 0
3 1+i 2-3i
13. Check whether matrix q+i 2i 1 is a skew-Hermitian matrix.
-2-3i -1 0

Section C (Characteristic equation, Cayley-Hamilton theorem, Diagonalization of a

Matrix)
Prove that all the eigen values of a Hermitian matrix are real.
Prove that the eigen values of a triangular matrix are just diagonal elements of the matrix.
Find all the eigen values and eigenvectors of the matrices

3 1 4 171113 -2 2 -3 “|r-c
() A=|0 2 6|Ans:2.3,5:|-1], [of.|2|GB=| 2 1 —6|Ans:-3,-35:(. 9, ,[—ch,
00 5 ol loll1 -1 -2 0 —| Lc

Verify Cayley-Hamilton theorem for the following matrices and hence find A™1

4 3 1 L 5 -1 -7 2 -1 1 L 31 -1
(1) A=l2 1 =2 A_1=H -4 3 10|,(A=[-1 2 -1 A_IZZ 1 3 1
1 2 1 3 -5 -2 1 -1 2 -1 1 3

|



1 2 =2
1 2 1 ], Is it diagonalizable? If yes, reduce it into
-1 -1 0
diagonal form. Ans: Diag(1, —1,3)
|Al

6. Prove that if A is an eigen value of a matrix A, then kA, A+k, N‘,%,T are the eigen values of
kA, A+kl, A", AL, Adj A respectively.

5. A square matrix is defined by A=

Section D (System of linear equations)
1. If the system of equations 3x —y + Az =1,2x +y +z = 2,x + 2y — Az = —1 has a unique

solution if A has (a) any value, (b) _?7, (c*) # _77, (d) # %

2. Check the consistency for the following linear systems. If system is consistence find the

X1+ X, +2x3+x4 =5 2x+6y+11=0 x+2y—z=3
2%+ 3%y —x3 —2x4 =2 6x + 20y — 6z = -3 3x—y+2z=1
4x145x,13x3 = 7, 6y—18z+1=0 2x—2y+3z=2
Ans: No solution Ans: No solution x—y+z=-1
Ans: x=-1,y=4,z=4

3. Ifthe system of equations x + 4ay + az = 0,x + 3by + bz = 0,x + 2cy + cz = O has a
non-trivial solution, then a, b, c, are in (a) A.P, (b)G.P, (c*) H.P., (d) None of these.

4. For what values of A1 and u so that the equations x +y +z = 6; x + 2y + 3z = 10; x +
2y + Az = pu have (i) No solution; (ii) a unique solution and (iii) an infinite number of
solutions ANS: (i) A =3 nosolution; (i))A # 3, p # 10, unique solution; (ii))A =
3, u = 10, Infinite many solutions.

5. Determine b such that the system 2x + y + 2z =0;x +y + 3z = 0;4x + 3y + bz =
0 has (i) trivial solution(ii) non- trivial solution.

6. Find the values of a, b and ¢ for which the system has (i) No solution (ii) unique
solution (111) Infinitely many solutions for

—2x+y+z=a x+ay+z=3

X—2y+z=b; x+2y+2z=5»b

x+y—2z=c x+5y+3z=9

Ans: (DIfa+b+c+|Ans: (i) a = —1,b # 6 no solution

0 No solution (il)a # —1, b is arbitrary,unique solution
(i))If a+ b + ¢ = 0,Infinite solutions | (iii)a = —1, b = 6 Infinite many solutions.




Unit-lI

Prepared by: Dr. Sushil Shukla

Topic:

On Ordinary Differential Equation of Higher Order:

Linear differential equation of nth order with constant coefficients, Simultaneous linear
differential equations, Second order linear differential equations with variable
coefficients, Solution by changing independent variable, Reduction of order, Normal
form, Method of variation of parameters, Cauchy-Euler equation, Series solutions
(Frobenius Method).

Section-A (Linear differential equation with constant coefficient)

Solve the following differential equation

Q1. (D*+6D*+11D+6)y =0 [Ans.y=ce™ +ce ™ +ce™ |
Q.2 (D4 -D*-9D? —11D—4) y=0 [Ans.y = (cl +czx+c3x2)e’X +c4e4x]
Q.3 (D3+D2+D+1)y=sinx {Ans.y:clewc2 COS X +C, SiN x+%(2c032x—sin ZX):l

Q.4 (D°-3D*+4D-2)y =¢€* +CosX

[Ans.y =c,e* +e”(c, Cos X +C,Sin x)+ xe* +%(cosx+33in x)}

Q5 (D*+3D*+2D)y = x’ {Ans.y = +Ce "+ +é(2x2 —9x+ 21)}

d’ , ,dy 2 :
6. Solve F+4d_+5y=0' Ans:y =e*( ACosx+BSinx).
X X

2

1
7. Solve (D2 +6D+9)y =5 +e . Ans: y=(C, +C,x)e™ +ge2X +X?e‘3X

8. Find P.I. to the differential Equation (D2 +4)y = X .Ans: P.I.:%.

9. Solve the differential Equation (D2 -3D+ 2) y = 6> +Sin 2x
Ans: y=Ce*+C,e”* +3e* +2—1O(3Cos 2x—Sin 2x)

10. Solve the differential Equation (D®-4D+1)y = e Sin2x



Ans: Y = (Cl Cosh+/3x+C, Sinh \/§x)e2X —%ezx Sin 2x
11. Solve the differential Equation (D*-3D+2)y =™
Ans: y=Ce*+C 62 4 L

1 2 12

Section-B (Homogeneous Linear Differential Equation with Variable Coefficient (Cauchy-

Euler Equation)):

3 2

d’y dy . dy

A X243 —L+x—=+y=(x+logx
Q dx® o dx Y ( 9%)
Ans.y:cliJrc2 X COS c3+ﬁlogx +5+Iogx
X 2 2
d’y dy 2
2 XL+ 2x—=-20y =(x+1
Q dx? a7 (x+1)
Ans.yzclx‘s+c2x4‘—ix2—1x—i
14 9 20
d’y dy X
Q.3 X2W—4X&+6yzx {Ans.y:clx3+c2x2+ﬂ
d’y d’y  ,dy c, logx
4 X —=-2x—=2-x*Z+xy=1 | Ans.y=(c,+¢,logx)x+—=2+—=
Q dx® dx? ax Y y=(G+clogx) X 4x
d’y ,. dy
5. Solve XZW—4 &+6y:X2.Ans: y =c¢,x* +¢,x° —x* log x
2
6. Solve xzd—¥—2xd—y—4y:x2+2Iogx.
dx dx
Ans: Y =%+ x[c, cos(log x + ¢, sin(log x) ] +5x +10|0%
2
7. Solve xz%—x%+y:2logx.Ans: y=(c, +¢,logx)x+2log x+4
2
8. Solve xz(; ¥—3X%+4y=2XZ.Ans: y=(c,+¢, Iogx)x2+x2(logx)2.
X X
3 2
9. Solve xad—¥—2x2—¥+2y:10(x+1].
dx dx X

Ans: y = \/;{cl cos[ln x\/gjmlsin(ln X\EJ} X2



Section-C (Legendre ‘s Linear Differential Equation)

2
1. Solve (1+x)° %+(1+ x)%+ y =4cos(log(1+x))

Ans: y =(c, cost+c, sint)+2tsint,t =log (1+x).

2 d%y dy B
2. Solve (2x+3) o (2x+3)& 12y = 6X

Ans: y(X) =, (2x+3)" +c, (2x+3)™ -%(zx+3)+§

2 dzy dy 2
3. Solve (3x+2) W+3(3x+2)&—36y:3x +4x+1
te” +1

Ans: V(X)=ce* +ce®+ .
ns: Y(x)=ce ¢, 108

2d%y dy .
4. Solve (1+X) d—+(l+ x)&+y=25m(log(l+ X))

XZ
Ans: y =c, cos (log (1+ x)) +c, sin(log (1+ x) —log (1 + x) cos (log (1+ x).
2
5. Solve (1+ 2x)2 3—2’—6(“ 2x)3—y+16y =8(1+2x)*
X X

Ans: y = (1+2X)? {[Iog (1+ 2x)]2 +¢, log (1+2x) + cz}.

Section-D (Solution of Second order differential equation equation whose one solution is

known):

2 -X
1.Solve xd—Z+ 1- x)d—y— y=e".Ans: y =(log x+clfe—dx+c2)exz .
dx dx X

2
2.Solve (3— X)d—zl—(9—4X)ﬂJr (6-3x)y=0.
dx dx

Ans: y =e* % (4x° —42x* +150x —183) +c, &%).

d2y dy . X C 5
3. Solve XZW—ZX(1+X)&+2(1+x)y:x3.Ans. y:x(—§+?1e2 +C2j

2
4. Solve (x+2)d—¥—(2x+5)ﬂ+ 2y =(x+1)e*.
dx dx



—2X
Ans:y = ezx{—e‘X + Ce4 (2x+5)+Cl}.
d’y . dy .
5.S0lve —2—-2-2+y=e*. Ans:y =e*|-sinx+CX+C
dx? = dx y y [ GX+C,]

Section-E (Normal form (Removal of First derivative)):

2
1.Solve 372/—4X%+ (4x* -3)y = e . Ans: y=(ce+c.e” —ZI.)eX2 .
d?y dy .
2.50lve ———2tanx_— +y =0.Ans: y = (¢ cos+/2x+c¢, sin+/2x) sec x.
2
3.Solve de—Z—ZX%+(X2+2)y:0.Ans: y =(c, COS X +C, Sin X) X.
X
2
4. Solve d—2’—4xd—y+4x2y:exz.Ans: y= clcos\/§x+czsin\/§x+l e,
dx dx 2
2
5. Solve %—4x%+(4x2—1)y:—3eX2 Sin2x.Ans : y=exz(clcosx+c2 sin X +sin 2x).

Section-F (Simultaneous Differential Equation):

1. Solve %+5x—2y:t,ﬂ+2x+y:0.
dt dt

1 1 2 2
Ans: X()=——(@1+6t)e +—(1+3t),. y(t)=——(2+3t)e* +=—(2-3t
ns: X(t) 27( ) 27( )~ Y(t) 27( ) 27( )

2. Solve %+2x+3y=0,ﬂ+3x+2y=2em.
dt dt

Ans: x(t)=e'+e™,y(t)=e" —e'+sint .

3. Solve %JrZy:e‘,ﬂ—2x=e‘t
dt dt
t t —t
Ans: x(t):—clsin2t+c2c052t+%—§e“,y(t):(c10052t+czsin2t)+2?e—e?.
4. Solve %+x+2ﬂ+y=et,%—x+ﬂ+y=1.
dt dt dt dt

Ans: X()=ce e 426,y () =3oe + 20,0 +3e°

5. Solve %—7x+y:0,ﬂ—2x—5y:0
dt dt



Ans: x(t)=e" (c,cost+c,sint), y(t)=e"[(c,—c,)cost+(c, +c,)sint]

Section-G (Method of Variation of Para Meters):

1. By method of variation of parameters solve the following Differential equation
y" +y=Secx.

Ans @y = ucosx+vsinx=(logcos x+c,)cos X+ (X+C,)Sin X.

2. Solve the following differential equation by method of variation of parameters

dzy_y_ 2
dx? 1+e*

Ans: y=Ce*+C,e” ~1+e*log(e ™ +1)—e "log(e* +1).

3. By method of variation of parameters solve the following Differential equation
y'-y=e*sine™.

Ans:y= (ce*+c,e™)—(sine*+e*cose™).

4. Solve the following differential equation by method of variation of parameters

d’y _,dy

e dX+2y:extanx.

Ans : y=e*(c,cosx+c,sin x)—e* cos xlog(Sec x+tan x) .

5. Solve the following differential equation by method of variation of parameters

2
M+y:xsinx.

dx?
] . 1 X . X2
Ans : y:(clcosx+czsmx)+§cosx+zsmx—?cosx.

Section-H (Solution of Second order differential equation by changing independent
variable):

dzy dy 3 5 2 o, 1,
1.Solve X—=——+4X°y =X>.Ans: Y =C, COSX° +C,SIN X° +=X".
ove dx? dx y s Y=6G 2 4

d’y dy ) .
2.Solve ?+tan X d—+cos Xy =0.Ans: y=c,sin(sinx+c,).
X X



2
3.5olve Z—X +(8e* +2) % +4e™ y =e%™ Ans: y = e 4 @ | % (e¥ +4).
X X

d’y Losdy 1 a a
4.50lve X°—+3x°—=+a’y=—.A COS— —C, SiN —— + ——.
oV T 1 dx y x? st Y=6 2x2 2x*  a’x?
d?y 1dy ) o X
5. Sol +4x*y =x* .Ans: y=c, cos(x?)+c, sin(x*) + — .
Olve dX2 de y= ns: y=C (x%) 2 (x%) 4

2
6.Solve (1+ x)2 %+(1+ x)g—iJr y =4coslog(1+x)

Ans: y =c, coslog(l+x) +c, sinlog(1+ x) + 2log(1+ x) sin log(1+ x) .

d? . d

7._Solve COS X—Z+3|n xS _ 2y cos® X = 2¢c0s’ X.
dx dx

Ans: Y = ,eV2x 1 ¢ g VZinx +(sin x)2

2

8. Solve (1+ xz)2 %4— 2x(1+ xz)%+4y =0.
Ans: y =¢, c0s2(tan"* x)+c,sin2(tan " x)

Section-I (Picard’ s Method)

Q.1 Using Picard’s process of successive approximations, obtain a solution up to the fifth

approximation of the equation dy/dx =y + x, such that y =1 when x=0.

3 X4 XS XG
Ans: Yo =1+ X+ X2+ —F —+ —+——

3 12 60 720
Q.2 Find the value of y for x = 0.1 by Picard’s method, given that
dy y-—x
Y _Y=X y(0)=1.
dx y+x
Ans: y(0.1)=1-(0.1) + 2 log 1.1 =0.9828.

Q.3 Using Picard’s method, solve ay =2y with X, =0,y, =1.

dx

L (2%)
Ans: y= ) —~—
2
Q.4 Employ Picard ’s method to obtain solution of the differential equation correct up to

third approximation % =X+ y2 forx =0.3, given that y=0 when Xx=0.
X

X2 X5 8 11

X
Ans: y=—

+ 2y ~0.0451 at 0.3,
2 20 160 4400




Q.5 Obtain Picard’s second approximate solution of the initial value problem,

y'=2x(1+y),y(0)=0.




UNIT-I1I
Section-A (Fourier Series)
Prepared by Prof Raj Kumar
Preamble: (i). f e**sinbxdx = %(a sinbx —bcosbx) + ¢
(ii) [ ™ cosbxdx = £ (acosbx + bsinbx) + ¢

(iii) f uvdx=uvi, —u'vy+u’vs —u"vs+ ..., u,v are functions of x and dashes denote
differentiation and suffixes denote integration with respect to x

(o) (o)
(iv) Fourier series for f(x)inc < x < c+2mis f(x) = "70 + Y a,cosnx+ ), b,sinnx,
n=1 n=1

c+2r c+2m
whereag =1 [ f(x)dx,a, =1 [ f(x)cosnxdx

c+2r

,by=1 [ f(x)sinnxdx

Ys
Cc

(o8] o0
(v) Fourier series for f(x)inc < x < c+2lis f(x) = “70 + 2 a,cos “F+ 3 by sin®F,
n=1 n=1

c+21 c+21

whereag = 1 [ f()dx,a, =1 [ f(x)cos ™ dx

c+21

by=1 [ f(x)sin 2= dx

nmx

(vi) The half range cosine series in 0 < x < lis f(x) = “70 + 2 a,cos “F
n=1

l
where ag = % ff(X) dx, a, = % f(X) cos ﬂlx dx
0

o _

n=1

o I
, and half range sine series in0 < x < /is f(x) = X b, sin = where b, = % f S(x)sin %= dx
0

Q.1  Express f(x) = %(n — x) in a Fourier series in the interval 0 < x < 2n.
Deduce that £ =1 -5 +z -1+ ... Ans:

f) = 3 e

Q.2  Find the Fourier series to represent the functionf(x) = |sinx|, —m < x <
TT.

Ans:

: _ 2 _ 4 (cos2x cos 4x cos 2nx
|sinx| = = ﬂ( =+ St e +)

Q.3  Express f(x) =|x| , —m < x < m,as a Fourier series. Hence show that



1 1 1 _ .
F+3—2+5—2+ .......................... = <. Ans:

x| =% - (cos X+ 5= "053" + _coss25x + ...
Q.4 F1nd the Fourier serles for function Hence show that Ans:
f(X) n” + 4( cosx 00522x _ c0;23x + ) _ 2(—s}nx + si1122x _ sin33x + )

Q.5 Expand the functlon f(x) = xsin x as a Fourier series in the interval —r < x < 7.
Ans:
xsinx=1- %cosx—Z(

cos2x _ cos3x + cosdx )
22-1 32-1 421 h

Q.6 Find the Fourier series to represent the function f(x) = {. Also deduce that

To_ 1

f=l-3+5-3
Ans:f(x) = (smx + S02X ““3’6 + % + )

Q.7  Find the Fourier series of f(x) ={ wh1ch is assumed to be periodic with

period 2.

Ans:f(x) — %ﬂ + %(ct;ix + 003s23x )+ 4(x1nx sm33x + )

Q.8  Obtain Fourier series for function
Ans no_ 4 < (Lolszlrx + cos 3nx + cos Smx + )

32 52
Q.9 Find the Fourler series to represent f(x) = x> -2, -2 < x < 2.
P
Ans:
P-2=-2-1 (cos — 3 cosmx + § cos 2 — )
Q 1() Obtam the half range sine serles for f(x) =e€", 0 <x < l.Ans:

1—e(-1
=2r Z "[Heg D sinnrx

Q.11 EXpress sin x as a cosine series in 0 < x < 7.

e} _ 2 _ 4 (cos2x cos4x cos 6x
Ans:sin x = =2 (—1.3 + S5+ )

Q.12  Obtain the half-range sine series for the function f(x) = x? in the interval(0, 3).
Ans:f(x) = z b, M2 where b, =2 (-1y"! + 5 [(-1)" - 1]

nn
n=1



Section-B (L aplace and Inver se Laplace Transform)

Q. 1 Find the Laplace transform of the following functions:

(i) sin/A’3¢ (ii) sinA3tcos 7t (iii) " e sin5t (iv) e sin 3fsin 5¢

Q. 2 Find the Laplace transform of the functions
sin(t—x/3),t>mx/3

@) f()=|-1]+

L1203 f(n)= { : S (11) sinzcostlogt o(t — ) where,

O(t — ) 1s Unit Impulse function.
Q.3 Find the Laplace transform of the functions

coali

i f()= \E (ii) f(r)= mTa where, a is constant. Does the Laplace transform of f(f) = cosde

exist’

Q. 4 By using the Laplace transform evaluate the following integrals

o —f . 2
e sm f

sint 3 = —y {3
()j dt {n)jz sint dr U{m)_! i

Q. 5 Find the Laplace transform of the erf Jt
Q. 6 Find a function f(¢)for each of the given function F(s)given bellow such that L{f(t)} = F(s)

2

o1 1 5 [Ns=1) 7T 3547 32 o N
— —_
® \(‘52 +4 @ i e 5 [ s ] 3s+2 = 5 =253 ©) (165> +1)° D) (s+4)" (vt (s> +4)
Q. 7 Find the values of the following by using the convolution theorem
I I 1 S 1 : . s+a
_— U[——— L [cot Lo
L [( 16y 1(i) L [(5_2)(53”}](111) [.s'{.f2+4) 1(v) L [cot™ 5 ] (v)L'[log g ]

Q. 8 Find solution of each of the following initial value problem by using Laplace transform
(a) y"-3y+2y=4t+e” y(0)=1, y(0)=-1
(b) y"+2y"-y'-2y=0 y(0) =1, y(0)=2, y"(0)=2
(©) ty"+(1=-20)y'-2y=0 p(0)=1, y(0)=2
(@) y'-ty'+y=1 y(0)=1, y(0)=2
@ y'+3 t, 0<r<l ©0)=2

e = 7 =

R WSS g

(f) y"+5y+6y=1-u(t-3)-u(t-5) y(0)=0, y(0)=0
Q. 9 Solve the following simultaneous equations by using Laplace transform

(@) (D*=3)x—4y=0, x+(D*+1)y=0 given 1hatx=y=j—y=0 il =75 an=f_:;£;vzi
t

dt dt
(b) (Dz—l)x+SD_v=.r, 2Dx—(D2—4)y=2 given :hatx=y=;£=%=natr=0;l)zd£
t t t

Q. 10 Solve the following initial-boundary value problems.
(@).u_+xu =0, u(x,0)=1, u(0,1)=t

B)u,=u_,x>0, >0, u(x,0)=¢", u,(x,0)=0,u(0,1)=0, u(x, t)isbounded asx — ©

Answers:



i3 162 . 3(s*-58) - 10(3s% +65+2) . 30(s+4)
(5P -8INst=9)  (s*+58)2=365"" (s*+6s+34) " (s +85+20)(s’ +85+80)

=sl3

2.1.20+ 5, . 1
s s s +1 SAJ§+

6i. (1/2)sin2t: ii. (8/15)iT7; L. 6t +1-4i/7 —(7/3)e™™; iv. de® -~

V. (1/4)sin(1/4); vi. (4/3N7)(t =3)"2 e U(r = 3); vii. (1/4)(sin 2t + 2t cos 20);

7i. IS]; i ; ii.(1/5) (e = 2sint —cost); iii.(1/16)(1 —¢sin 2t - cos 2¢t); (iv)

iii. 0.3. (i) ‘/Ee'”‘” (i) tan™(1/ ) (iii) no; 4. (i}% (if) 0 (i) (%) log 5; 5. T
h

e sin 2t _ ™

; (V) :

8a.3+2t+(1/2)(e" —¢')-2e"; b.(1/3)(5¢' +&™)—e™"; ¢ e™;
d. 2t +1; e [3t=1+19¢" ) u(t)+(1-3t + 2> u(t -1)]/9; £. (1/6)[1+2e™ 3™ Ju(t)
—(1/6)[1+2¢™* =3¢ u(t =3) =(1/ 6)[1+ 27" =3¢ Ju(t - 5);

9. a. x=2tcosht,y=(1-f)sinht; b. x=—t+5sin7—-2sin2¢, y=1-2cost+cos2t

10. a. u(x, ) =1+[(t-x"/2)-1u(t-x"/2);b. u(x, t)=e" cosht—cosh(t —x)u(t-x)



A A

11.
12.

13.

14.

15.

Unit-1V

Section-A (Introduction of Complex numbersand Analytic functions)

. Find the locus of z in each of the following relations: (i)|z — 5| = 6, (ii)|z + 2i|] > 1

(i) Re(z +2) = =1, (iv)|z —i| = |z +1i|, (vV)|[z+ 3|+ |z + 1] =4, (vi)l < |z — 3| < 2, (vii)
|z +3|— |2+ 1| =1.

For which complex number following are true, justify in each (i)z = —z, (ii)—2z = 2!, (iii)

z=z"1 (iv)z=2

Define an analytic function at a point and in a domain.
Prove that an analytic function of constant modulus is always constant.
Prove that Real and imaginary parts of an analytic function are harmonic.

Prove that an analytic function is always continuous but converse need not be true. Give
an example.

State and prove the necessary and sufficient condition for a function f(z) = u + v to be
analytic.

. Define an analytic function at a point. Illustrate such a function.
S f(z) = @, z #0; f(0) = 0 then f(z) satisfies Cauchy—Riemann equations (CR) at origin.
10.

Using Milne-Thomson method construct an analytic function f(z) = u + v for which
2u + 3v = 13(2? — y?) + 2z + 3y.

State and Prove Cauchy-Riemann equations in polar coordinate system.

Let f(z,y) = v/(|zyl|), then (a) f,, f, do not exist at (0,0); (b) f,(0,0) =1; (c) f,(0,0) = 0;
(d) f is differentiable at (0,0). Ans: ¢

2

If function f(z) :<§> , when z # 0, f(2) = 0 for z = 0, Then f(z) (a) satisfies C.R.
equations at z = 0; (b) is not continuous at z = 0; (c) is differentiable at z = 0; (d) is

analytic at z =1 Ans: b

Show that f(z) = @, when z # 0, f(z) = 0 for z = 0, satisfies C.R. equations at z = 0;
but is not differentiable at z = 0.

The harmonic conjugate of u = 2% — y? + zy is (a) 2* — y*> — xy; (b) 22 + y? — zy; (c)
1/2(—2% +y?) + 2xy. (d) 2(—2® +9?) +1/2 Ans: ¢



16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

27.

28.

29.

f(z) = (|z])? is (a) continuous everywhere but nowhere differentiable; (b) continuous at
z = 0 but differentiable everywhere; (c¢) continuous nowhere; (d) none of these. Ans: d

z?y5 (z+iy)

prawr ol if 2 # 0, otherwise 0, in a region

Examine the nature of the function f(z) =
including the origin.

Prove that the function f(z) = u + v, where f(z) = %@;2(1—1) ; if 2 # 0, otherwise 0
is continuous and that Cauchy-Riemann equations are satisfied at the origin, yet f '(z) does
not exists there.

If f(z) = %;;m) ;if z # 0 and f(0) = 0, show that w — 0 as z — 0 along any radius
vector but not as z — 0 in any manner.

If f(z) = 2wty if # 0 and f(0) = 0, prove that L2 5 0 as z — 0 along any radius

I2+y4 z
vector but not as z — 0 in any manner.
The function f(z) = z is (a) analytic at z = 0, (b) differentiable only at z = 0;(c) satisfies
C.R. equations everywhere; (d) nowhere analytic. Ans: d

Derive the C.R. equations for an analytic function f(r,8) = u(r,0) + iv(r,0) and deduce
that w,, 4+ Tu, + gy = 0.

Find the point where the C.R. equations are satisfied for the function f(z) = zy* +iz%y. In
which region f'(2) exists?

f(z) = (Jz])? is (a) continuous everywhere but nowhere differentiable except at 0; (b) con-
tinuous at z = 0 but differentiable everywhere (c) continuous nowhere; (d) none of these.
Ans: a

Prove that the function f(z) = z|z| is nowhere analytic.

If f(z) is an analytic function such that Ref (z) = 322 — 4y — 3y? and f(1 4+ i) = 0 then
f(2)is (a) 22 +6—2i, (b) 2> +2i22 +6 — 2i, (c) 23 +2i2%2 —2i, (d) 2> +222+6—2i Ans: b
Hint: u, = 32% — 4y — 3y®> = ¢1(x,y)(say), integrating partially w.r.t. v we get u =
x® — 4wy — 3xy® + g(y)

Therefore, u, = —4x — 6zy + ¢'(y)

or —u, = v, = ¢z, y)(say) = 4z + 62y — ¢'(y)

Thus ¢1(2,0) = 322, ¢o(z,0) = 42 + ¢'(0)

Now, applying Milne Thomson we get

f(z) = [(32* + i4z)dz + constt.

or f(z) = 23+ 2i 22 + constt. and applying f(1 +14) = 0 implies Constt = 6 — 2i

The orthogonal trajectory of u = e®(xcosy — ysiny) is (a) e*(cosy + zsiny) + ¢; (b)
e“rsiny +c; (d) e*(ycosy + wsiny) + ¢. Ans: ¢
Find the locus of points in the plane satisfying the relation |z + 5> + |z — 5| = 75. Ans:

circle

The function f(z) = Z is (a) analytic at z = 0, (b) continuous at z = 0;(c) differentiable
only at z = 0; (d) analytic anywhere. Ans: b



30.

31.

32.

33.

34.

35.

36.

37.

38.

If f(2) = u+ 1 is an analytic function and u — v = (x — y)(2* + 4wy + y?) then f(z) is
(a)—2z3 + ¢, (b) —iz% +ic, (c)—iz® + B3, (d) 2* —ic, Ans: c

If f(z) = u+ v, is an analytic function of z and u — v = &I 2. find f(2) if f(2)

subject to the condition f(7/2) =0. Ans: 1/2{1 — cot(z/2)}

If f(z) = u(r,0) + iv(r,0) is an analytic function and v = —r?sin 360 then construct the
analytic function f(z).

If f(z) = u+1v, is analytic function of z and u+v = 23— find f(2) in terms of
z. Ans: 1(1+i)cotz+d

Choose the correct code for matching list A and B.

A (u is given) B (f(2) = u + iv is an analytic function)
p. x° —3zy* + 3z + 1 (i). sinz + ¢
q. > — 322y (ii).22 +3z+1+ci
r. sinx coshy (iii).i(2* + ¢)
11 iii
(a)prq
(b)rpq
(c)pqr Ans: b
. . . . 2 2 22 2
if sin(a + i8) = = + iy prove that (a) w5 T @ = b (b) oy — 52 = 1.
0? 0? 5 N : : ,
Prove that (W + W)U(Z” = 4|f'(2)|* for an analytic function f(z) = u + iv.
Z Y

Find the harmonic conjugate of u = 23 — 3xy? +32% — 3y? +2x + 1 and corresponding analytic
function f(z) = u+iv. Ans: v = 32%y —y® + 6y + 2y + d, f(2) = 23 + 322 + 22+ 1 +id.

Find orthogonal trajectory of v = €**(x cos2y — ysin2y) Ans: —e?*(xsin 2y + y cos 2y) + d



10.

11.

12.

13.

Section-B (Complex Integration)

. Define simply and multiply connected regions? State and prove Cauchys theorem for an

analytic function? Is it true for multiply connected regions?
State and prove Cauchy integral formula for nth derivative? Is it true for multiply connected

regions? If yes, give your explanation with necessary proofs.

If f(z) is analytic in a simply connected region D and a, z are two points in D, then [ f(z)dz
is independent of the path in D joining a and z.

Evaluate f((o23) Zdz along (a) parabola x = 2t,y = t*> + 3, (b) a straight line joining (0, 3)

and (2,4). Find whether both values are different, if yes, justify reason why it is so?

Evaluate [, Zdz from z =0 to z = 4 4 2i along the curve C given by (i)z = t* +t; (i) the
line from z = 0 to z = 2¢ and then the line from z = 2i to z = 4 4+ 2i. Ans: (i) 10—% ;
(i4)10 — 8i.

If Fla)=¢ %dz, where C is the ellipse (z/2)? + (y/3)*> = 1. Find the value of F(4.5).
Ans: Zeroo

Evaluate § —-dz, where C is any simple closed curve and z = a is (i) outside C; (ii) inside
C. Ans: (Cl) 0; (ii) 27mi.

Evaluate g ﬁdz :n#1,n € ZT, where C is any simple closed curve and z = a is inside
C. Ans: Zero

Suppose f(z) is analytic inside and on a simple closed curve C and z = a is inside C. Prove

that ¢ 1 = ¢ —L_dz where C} is a circle center at a and totally contained in simple
C’ zZ—a C z—a
1

closed curve C.

Evaluate §(z)?dz ; where C is the circle (i)]z — 1| = 1, (i7)|z] = 1 Ans: 4mi, 0.
c

Find ¢ zdz around (a) the circle |z — 2| = 3, (b) the ellipse |z — 3| + |z + 3] = 10, (c) the
c
square with vertices 0, 2, 2¢ and 2 + 2i. Ans: 187, 407, 8i

Suppose f(z) is integrable along a curve C having finite length [ and there exists a positive
real number M such that |f(z)] < M on C. Prove that | [, f(z)dz| < MI.
Remark: This result is helpful to evaluate the upper bound of an integral without evaluating
it.
Work out the followmg integrals around the contour prescribed against it
i) ¢ wdz C: |z| = 3. Ans: 4mi.

c

(2—1)(2—2)

(i) § =15dz; C: |zl = 6. Ans: 0
c



14.
15.

16.

17.

sinz
. f z+2i dZ
C

(iii)

g

21

dz; C: |z — 2| + |z + 2] = 6. Ans: 2mie'”

(iv) 5= § S5dz; C: [z] = 3. Ans: ¢?
C
f sm7rzdz

(v)

22

C

1

e C is the rectangle with vertices 2 +14, 2 — i, —2 + 14, —2 — i;

e C is the rectangle with vertices —i, 2 —4, 2414, 7. Ans: 0, 0.
(vi) g oo 4z+5dz C: |z —1—2i] =2. Ans: 7e'™

(Vﬁ) f =
3,
Ans:

e*+cos z
5)(2+51)
27 (mi—5)

772+25

dz; where C is the boundary of a triangle with vertices: —1, 1, —7/2i.

(2 cos i — sin i)

(viii) § sio° 2 5dz Cr 2| = 2. Ans: mi2™®
c

me?; where C consists of |z] = 2 anticlockwise and |z| = 1

= —i+5¢e*. Ans: 0

(IX) Show that fC’ mdz =
clockwise.
(x) = ¢ Giapde; Ans: e7?
C:|z|=4
Evaluate
c

Evaluate §(2* +3+4/z)dz, C: |z| = 4. Ans: 8mi

C

Evaluate the upper bound of the integral without evaluating it ?

a) [.(z*+1)dz, C: Line segment from 0 to 1+ i. Ans: 5v/2.

b) [, zdz, C: Line segment from 0 to 7. Ans: 1.

¢) [, 2zdz, C: Line segment from i to 2 + 4. Ans: 4/5.

) Jo(@?+iy?)dz, C:z=e",

—m/2 <t<m/2. Ans: 7

Which of the following integrals are compatible to apply the Cauchy theorem?

sinz
f 2421 dZ
C

g
c

|z|=b

$

|2[=3

C:|z|=1

C:|z+3i=1.
dz, C:|z—3i|=6.
= ds 0<b< 1.
1_1€Zdz.




1+4i
6. | 2°dz, along y = .
0

1. Evaluate ¢ ——dz, Ans: 0
|z|=3

2. Evaluate § szz .. Ans: 0

C

3. Evaluate the following integrals around the contour prescribed against it
1) +zdzCz:7e”0<t<27r Ans: —mi.

z+z7r

11)fz3z 2dz; Ci [z — 3| =2, Ans: =3

11155(”6 dz; C: 2 =Te" 0<t<2r. Ans: —mi.

z+im)3

z . 4
V) 5 |z|flo (Z_6i)dz. Ans: 3 x 6
vi) § =dz. Ans: 0.
|z—1]=5
vil) o szZ)alz Ans: —4mi.
|z—i|=3/2
Vm)‘ 9€| (f_;;,dz. Ans: 27i(2e* — 1);
z—1|=3

(
(
(
(w)§zg(z gz C: |z — 1| = 3, Ans: 0.
(
(
(

ix)|f (zsmf) dz. Ans: 2micos 1;
z|=2

(
(
() f  gede. Ans: 0;
(
(

|z+i|=3/2
i) 5§22(Z+Z dz; C: |z] =5, Ans: 0.
C

>

.o 2 .
xii) ¢ = +a2 ——dz. Ans: *sina;
|z|=2a
. elor
(xili) § = +a2 = =dz. Ans: =
|z—ia|=a

(xiv) f’z;;r;) dz; C: |z —i| =2, Ans: 0.
c

4. Evaluate §(2? +iy?)ds; C: |z| = 2 where s is the arc length.  Ans: 8 (1 + 1)
c



Section-C (Laurent's Expansion)

. State and prove Laurents series expansion of a function f(z).

. Find Laurents series expansion about the indicated singularity for each of the following func-
tions. Name the singularity in each case and give the region of convergence of each series.

: e?* .

(1). (;:17§’ z=1

.2

Ans: e + oo+ iy Ta t
converges for all z # 1.

(ii). (z —3) sm( +2); z = —2;
Ans: 1 — : f — e ; 2 = —2 is an essential singularity and

2(z 1)

F o ; z = 1 is a pole of order 3 and Series

z+2 622 6(z+2)3 + 120(z+2)
Series converges for all z # —
zZ— SlTLZ
(iii). =25 2 = 0;

Ans: l — ﬁ — i, z = 0 is a removable singularity. Series converges for all z.

(iv). (z+1)z(z+2) 2 =2

Ans: % +14(2+2)+(2+2)?+..; 2 = —2 a simple pole and Series converges for all z
in0<|z+2] <1

(V). ;5(?&575; z=3

Ans: 9(;3)2 — 27(373) + % — ('22;;) F o : z = 3 is a pole of order 2 and Series converges

for all zin 0 < |z —3| < 3.
. Expand f(z) = m in a Laurent’ s series valid for expansion (a). 1 < |z| < 3,
(b). |z] >3, (c) 0 < |z—|— 1| <2,(d)|z] <1,

1

1 1 z 22 23
Ans(). 4+233 22 T2, 61T 15 511 1, )

(b). zl +—_@_|_ ...... ;

z+1
(c)- (z1+1)_i+(—§)_1_16(2+1)2+ """ ;
(d)‘__%+13 24 )

. Expand f(2) = m in a Laurents series valid for (a). 1 < |z| < 2; (b). |z| > 2;
(). 0<|z—=2| <1; (d). |2] <1;(e). |z —1] > 1.
3

7
2

Ans: ().1_1_2_{_%4_%4_ ...... %_{_2%4_ ...... :

(b). _%_Z%_le_i_g ...... :

() 1— 2 —(z=2)+(z—22—(z=2P+ (2 —=2)*--- - ;
(d). 1, 3,2 _7.3__15.4_ .. )

2 1 4 9 8 %9
©) — - e ;

. Expand f(z) = % in a Laurents series valid for (a). |z| < 3; (b). |z] > 3
Ans: (a). ()=1/3—1/92 —1/2722 —1/81z% — -+ ... :

(i) 27 +3272 4923+ 27274+ .

. Expand f(z) = ﬁ in a Laurent’s series valid for (a). 0 < |z] < 2; (b). |2| > 2

O n—1
Ans: (a). —5 — > 553 (b). E I

n=0



7. Find Taylor’s series expansion about the indicated points for each of the following functions.
Give the region of convergence of each series.
(1), Z352=0;
(i). &5 2=0

Ans: (i) |z] <m; (i) |2| < 2




Section-D (Singularities and Residues)

1. Discuss the types of each singularity for the following functions:
(i), —2=—; z = /4 is a simple pole.

cos z—sin 2’

(i) . 255 z = ais a pole of order 2.

(iii). Zfil, z = =i is a simple pole and z = co is an essential singularity.

(IV) m, z = —1, —2 are simple poles.

(V). &= z = km,k € Iis a simple pole.

(vi). arcsin é; z=1/nm, (n € IT) simple pole and z = 0 an isolated essential singularity.
(vii). arctanmz; z = 1/n,(n € IT) is simple pole and z = 0 isolated essential singularity.
(viii). =257, z = 0 is a removable singularity.

(ix). S5 2z = 0,2 are simple poles.

(x). (Z_l)iw; z = —2 is a simple pole and z = 1 is a pole of order 2.

(xi). ﬁ; P ,Vk =0,1,2,3,4 each is a simple pole.

(xii). Zﬁi%; 2z = +ai are simple poles.

(xiii). 1;§2Z; z =0, a pole of order 2.

(xiv). %; 2z = 4w is a simple pole.

(xv). %‘; z = 0 is a simple pole.

(xvi). =52, z =0 is a pole of order 2.

(xvii). m; z = 0 is a pole of order 3.

(xviii). SHZ‘#; z = 0 is a simple pole.

(xix). %, z =1 is a pole of order 3 and z = i is a removable singularity.

2. Examine the nature of singularity for the following functions and find its residue:
Hint: residue is defined as coefficient of m in Laurent’s series expansion of a function
f(z) about a point z5. Thus,

residue for a pole of order m is (m_l)_ Zlggl j;:l ((z—20)"f(2))

residue for a removable singularity=0.
residue for an essential singularity zy can be find by finding coefficient of ﬁ in its Laurent’s
series expansion about a point z.

(i). <Asme, z = 0 is a removable singularity, Residue= 0
(ii). ﬁ, z =1 is a a pole of order 3. Residue = 2.
(ii). Z;i;; z = +ai are simple poles. Residues are = % and= %
(iv). =o=ss z =0 a pole of order 3. Residue= —3
3. Us 1ng Residue theorem evaluate the following integrals:
(i). fo 2+cos€d0 Ans: f/—%
(ii). md& a>1 Ans: ...
(iii). fﬁ éigggggd@ Ans: 7.
(iv). 027r e L Ans: §
(v)- 027r 5 Czsjoieze do, Ans:



Unit-V

Prepared by: Dr. Sushil Shukla

Topic: Linear Algebra
Vector space over real numbers/complex numbers, Subspaces, Linear span, Linearly

independence, Dimensions and Basis, Linear transformations, Matrix of Linear
transformation, Rank-Nullity theorem (Statement and their applications).

Section-A (Vector space over real numbers/complex numbers)

1. Problem: Define vector space over real numbers/complex numbers.

e Hint: A (real)_vector space is a collection V of vectors together with two binary
operations, addition of vectors (+) and scalar multiplication of a vector by a real
number (-), satisfying the following axioms:

° Let v, vi, v2, v3 be any vectors in V and «, ai,a2 be any (real number) scalars.

° Note: The statement that + and - are binary operations means that vi +v2 and
a-v are always de ned; that is, they are both vectors in V.

* [Al] Addition is commutative: vi+v2 = v2 +v1.

» [A2] Addition is associative: (vi1 + Vv2) + v3 = v1 + (V2 + v3).

> [A3] There exists a zero vector 0, withv+ 0 =v.

> [A4] Every vector v has an additive inverse —v, with v+ (-v) = 0.

> [M1] Scalar multiplication is consistent with regular multiplication: a1 - (a2 - v) =
(a10r2) - v.

> [M2] Addition of scalars distributes: (a1 + a2) - v=0c1-v+ o V.
» [M3] Addition of vectors distributes: a- (vi+v2)=a-vi+a-va.

© [M4] The scalar 1 acts like the identity on vectors: 1-v =wv.

e Remark: One may also consider vector spaces where the collection of scalars is something
other than the real numbers: for example, there exists an equally important notion of a
complex vector space, whose scalars are the complex numbers. (The axioms are the
same, except we allow the scalars to be complex numbers.)

2. Problem: prove the following:
a. The vectors in R" are a vector space, for any n > 0.
b. The set of m x n matrices for any m and any n, forms a vector space.

C. The complex numbers (the numbers of the form a + bi for real a and b, and where 2 =
—1) are a vector space.

d. The collection of all real-valued functions on any part of the real line is a vector space,



where we de ne the sum of two functions as (f + g)(x) = f(x) + g(x) for every
x, and scalar multiplication as (a - f)(x) = a f(x).

€. The zero space with a single element 0, with0+ 0= 0 and o - 0 = O for every q, is
a vector space.

Section-B (Subspaces)

3.

9.

10.

11.

12.

13.

14,

Problem: Define Subspace and Show that the set of diagonal 2 x 2 matrices is a subspace of
the vector space of all 2 x 2 matrices.

Problem: Determine whether the set of vectors of the form (t, t, t) forms a subspace of R3.
Ans: Yes

Problem: Determine whether the set of vectors of the form t, t2 forms a subspace of R

Ans: No.

Problem: Determine whether the set of vectors of the form (s, t, 0) forms a subspace of R3.
Ans: Yes

Problem: The collection of solution vectors (xi, - - -, x») to any homogeneous system of linear

equations forms a subspace of R".

Ans: Yes

7. Problem: Determine whether the set of 2 x 2 matrices of determinant zero is a subspace

of the space of all 2 x 2 matrices.
Ans: No

8. Problem: Determine whether the set of 2 x 2 matrices of trace zero is a subspace of the

space of all 2 x 2 matrices.

Ans: Yes

Problem: Determine whether the set of vectors of the form (x, y, z) where x, y, z > 0 forms a

subspace of R3
Ans: No

Problem: Determine whether the set of vectors of the form (x, y, z) where 2x —y + z
= 0 forms a subspace of R3.

Ans: Yes

Problem: The collection of continuous functions on [a, b] is a subspace of the space of all
functions on [g, b].

Ans: Yes

Problem: The collection of n-times differentiable functions on [a, b] is a subspace of
the space of continuous functions on [a, b], for any positive integer n.

Ans: Yes

Problem: The collection of all polynomials is a vector space.

Ans: Yes

Problem: The collection of solutions to the (homogeneous, linear) differential

equation y“+6y +5y = 0 form a vector space.
Ans: Yes



Section-C (Linear span)

15. Problem: Determine whether the vectors (2,3,3) and (4, -1, 3) are in span (v, w),
wherev =(1,-1,2) andw =(2,1, -1).
Ans: (2, 3, 3) is not in span and (4, -1, 3) is in span.
16.Problem: show that the vectors {(1,0,0), (0,1, 0), and (0, 0, 1) span R3.

17.Problem: Determine whether the vectors (1, 2), (2,4), (3,1) span R
Ans: Yes

18. Problem: Determine whether the vectors (1, -1, 3), (2, 2, -1), (3, 4, 7) span R3.

Ans: No
Section-D (Linearly independence)

19. Problem: Determine whether the vectors (1, 1, 0), {0, 2, 1) in R® are linearly dependent or
linearly independent.
Ans: linearly independent

20. Problem: Determine whether the vectors (1, 1, 0), (2, 2, 0) in R® are linearly dependent or
linearly independent.

AnS: linearly dependent

21.Problem: Determine whether the vectors (1,0,2,2),(2,-2,3,0),(0,3,1,3),and (0,4, 1, 2) in
R#* are linearly dependent or linearly independent.
Ans: linearly dependent

22 .Problem: show that the functions e and e?* are linearly independent in the vector space
of all real-valued functions.

23.Problem: show that the functions sin(x) and cos(x) are linearly independent using the
Wronskian.
24 .Problem: Determine whether the functions 1 +x, 2 —x, and 3 +4x are linearly dependent

or linearly independent.
Ans: linearly dependent

Section-E (Dimensions and Basis)

25. Problem: show that the vectors {1,0,0), (0,1,0), (0,0, 1) form a basis for R3.

26. Problem: show that the vectors (1,1,1), (2,-1,1), (1, 2,1) form a basis for R3.
27.Problem: show that the vectors {1, 1,0) and (1, 1, 1) are not a basis for R

28. Problem: show that the vectors {1,0,0), (0,1,0), (0,0, 1), (1,1, 1) are not a basis for R3.
29.Problem: Find a basis for the space W of polynomials p(x) of degree < 3 such that p(1) =0.

Ans: (x*-1,x" -1, x—1)

30. Problem: Determine whether the vectors (1, 2, 1), (2, -1, 2), (3, 3, 1) form a basis of R3.
Ans: Yes

31. Problem: show that the dimension of R” is n.
Hint: Since the n standard unit vectors form a basis.



Section-F (Linear transformations, Matrix of Linear transformation)

32. Problem: If v = W = R?, show that the map T which sends (x, y) to (x, x + y) is a
linear transformation from V to W.

33. Problem: If V = M2.2(R) and W = R, determine whether the trace map is a linear
transformation from Vto W.

Ans: Yes

34. Problem: If V = M22(R) and W = R, determine whether the determinant map is a
linear transformation from V to W.

Ans: No

35. Problem: If v is the vector space of all differentiable functions and W is the vector
space of all functions, determine whether the derivative map D sending a function to
its derivative is a linear transformation from V to W.

Ans: Yes

36. Problem: show that if V = W = R, then the map T which sends (x, y) to (ax + by, cx +
dy) forany a, b, ¢, d is a linear transformation.

37. Problem: show that if V = R™ (thought of as m x 1 matrices) and W = R” (thought
of as n x 1 matrices) and A is any n x m matrix, then the map T sending vto Avis a
linear transformation.

Section-G (Rank-Nullity theorem (Statement and their applications))

38.Problem: If T: R2 - R3 is the linear transformation with T(x, y) = (x + y, 0, 2x + 2y),
then finda basisforthe kernel and for the image of T.
Ans: Basis for the kernel is given by the single vector (1, -1) and a basis for the image is
given by the single vector (1,0,2).

39. Problem: If T: M22(R) = R is the trace map, f i nd the nullity and the rank of T and
verify the nullity-rank theorem.

Ans: Nullity is 3 and rank is 1.
40. Problem: True or false

(a) There is a 3 X 6 matrix whose kernel is two-dimensional. Ans: False

(a) If A is a 4 X 3 matrix and the equation AX =0 has no nonzero solutions, then rank A = 3.

Ans: True





